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It is established that there is only one, up to equivalence, Williamson matrix of 
order 4.29 and there are only two non-equivalent such matrices of order 4.31. 
0 1992 Academic Press. Inc. 
Let n be an odd integer n = 2k + 1 > 0, and S= { 1,2, . . . . k}. Let Si, SPi 
(i= 1,2, 3,4) form a partition of S into eight subsets (possibly void). 
Denote by R the group ring ZC,, where C, = (x) is a cyclic group of 
order n with generator x. Set wj = xi + xnPj E R. We shall refer to the 
equation 
5(1+X 
2 
Wi-2 C wj =4n (1) 
i=l jpS je.K, ) 
as the Williamson equation. By applying the ring homomorphism R --f Z, 
XH 1, to Eq. (1) we obtain 
i (1+4 jSil -4 IKi()*=4n. (2) 
i=l 
While it is well known that 4n is a sum of four odd squares, and conse- 
quently Eq. (2) has a solution, it is still an open question whether Eq. (1) 
has a solution for every odd n > 0. 
An m by m matrix A whose entries are f 1 and satisfies AAT = ml, (AT 
is the transpose of A and I,,, is the identity matrix) is called a Hadamard 
matrix. Every solution of Eq. (1) gives rise to a Hadamard matrix of size 
4n of a very special type known as a Williamson matrix (with symmetric 
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circulant blocks). For details we refer the reader to [3], Two solutions 
of (1) are said to be equivalent if one can be obtained from another by 
applying an automorphism of the group C, and by permuting the indices 
of the sets Ski. 
Turyn [S] has found a solution of the Williamson equation when 
4n = 2(q + 1) where q is a prime power E 1 (mod 4). Another proof of the 
same result was given by Whiteman [9]. As far as we know, an exhaustive 
computer search for non-equivalent solutions of the Williamson equation 
(1) had been carried out only in the following cases: 
Range Reference 
n = 3, 5, ,.., 23 Baumer and Hall [2]; 
?I=2521 Sawade [6]; 
n=33,39 Koukouvinos and Kounias 14, 51. 
A complete computer search for some special class of Williamson 
matrices has been carried out in [lo] for n = 29, 37, and 41. For a com- 
plete computer search of another class of circulant Hadamard matrices 
analogous to Williamson matrices see [7]. The algorithm of Koukouvinos 
and Kounias given in [4] is applicable only in the case when n is com- 
posite. According to a referee, no solutions of Eq. ( 1) are yet known for 
IZ = 35, and it is shown in [5] that Eq. (1) has no solutions for n = 39. 
RESULTS 
We have computed all non-equivalent solutions of the Williamson equa- 
tion (1) for two primes: n = 29 and n = 31. The computations were carried 
out twice using somewhat different codes: first on a VAX 11/785 and then 
on a Sun SPARC station 1. The search on the Sun SPARC station 1 for 
n = 29 took 8ih and for n = 31 about 50h of CPU time. 
In the case n = 29 there is, up to equivalence, only one solution: 
s, = { L2, IO}, S-, = {3,9, IS}, S, = (6 f3>, s-2 = (4, 11,141 
s3 = {5}, S--3=@, s, = {7,12), S-,=a. 
This solution is equivalent to the solution found by Baumert [ 11. 
In the case n = 31 there are two non-equivalent solutions. The first is due 
to Turyn (as 2n - 1 = 61 is a prime = 1 (mod 4)): 
s, = (374, 5>, S-L = (6,8,12}, s, = (7,10,15}, 
s-z= {1,2,9, 11, 13, 14}, s,=s-,=S,=SL$=~. 
NOTE 311 
The additional solution that we found is the following: 
s, = (1, 3,7}, S-1 = (5,6), S,= (69, ll}, s-z= {12}, 
s, = (131, s-3 = {2,14), s, = {4}, s-,= (10,15}. 
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Notes added in proof: 1. The numbers 4.29 and 4.31 admit the following decompositions 
as sums of four squares: 
116=92+52+32+ 12=72+72+32+32, 
124=11~+1~+12+12=92+52+32+32 
= 72 + 72 + 52 + 12 = 72 + 52 + 52 + 52. 
When dealing with the case n = 31 we overlooked the last decomposition 124 = 72 + 52 + 
52 + 5*. Subsequent computation showed that this decomposition does not give rise to any 
solutions of Eq. (1). 
2. The results given in [4] are incomplete. There exist five non-equivalent Williamson 
matrices of order 4.33 while only four of them are listed in [4]. The claim made in the title 
of [S] is incorrect as we have found a Williamson matrix of order 4 .39. For more details see 
our forthcoming paper “Williamson Matrices of Order 4n for n = 33, 35, 39” in Discrete 
Mathematics. 
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